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Analysis of Linear Methods for Determining
Copolymerization Reactivity Ratios. ll.
Linear Graphic Method for Evaluating

Data Obtained at High Conversion Levels*

F. TUDGS, T. KELEN, T. FOLDES-BEREZSNICH, and
B. TURCSANYI

Central Research Institute for Chemistry
Hungarian Academy of Sciences
H-1525 Budapest, Hungary

ABSTRACT

If copolymerizations are carried to high conversions, the
determination of copolymerization parameters involves sig-
nificant computational difficulties because the exact integrated
form of the copolymerization equation has to be applied. A
simple method has been developed to transform experimental
data, even at high conversions, to be used in the differential
form of copolymerization equation. In this method an average
monomer composition is assigned to the corresponding experi-
mental average copolymer composition, The proposed approxi-
mation extends the use of our linearization technique previously
developed for low conversions. It was established that this
method yields highly reliable results for practically all

*For Parts I and II see Tiidds et al, [1, 2].
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copolymerization systems. The error of this approximation
is generally insignificant, and it can simply be estimated for
any conversion, composition, and copolymerization parameter
with the aid of diagrams published in this paper.

INTRODUCTION

A reliable knowledge of copolymerization parameters is both
theoretically and practically of great significance. From the theoreti-
cal aspect, the copolymerization parameters of a given monomer pair
provide valuable information on the correlation between chemical
structure and reactivity and allow guantitative kinetic analysis of the
system, the immediate practical value of which is also evident.

Although copolymerization parameters have been published in the
literature for over three decades, no uniform method for their deter-
mination has been developed, As the various procedures are not
equally reliable, the reliability of the vast number of published data
is just as varied.

A reliable method of parameter determination is supposed to
(1) provide optimal parameter values and (2) allow immediate evalua-
tion of whether or not the system is in agreement with the copolym-
erization mechanism assumed.

In our previous publications [ 1, 3], we described a new linear
method which does not have the deficiencies of computation techniques
of other known linear methods and yields nearly identical values by
uge of the nonlinear method of least squares [4]. On the other hand,
as it is a graphical method, correctness of the assumed mechanism
can be immediately ascertained by the linearity of the data points.

The only deficiency of the procedure described in our previous
papers [ 1, 3] is—although this is characteristic of all differential
methods—that it is applicable only at ''sufficiently" low conversions.
Since, in addition, other errors may also occur at low conversion
levels, a generally applicable parameter determination procedure is
required to be extendable to higher ranges of conversion as well,

The methods applied so far, satisfying these criteria, however,
require cumbersome computer techniques and do not have the indis-
putable advantages of the linear graphical procedures. The fact that
they can be applied in principle, up to arbitrary conversions, does
not serve as compensation for the disadvantages. Our purpose was,
therefore, to extend the application of the linear parameter deter-
mination method to higher conversion levels with preservation of
the favorable aspects of the procedure,
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DISCUSSION

Extension of the Applicability of the Differential
Method

The simplest binary copolymerization (with two different active
centers and monomers) involves four elementary chain propagation
steps, For such systems, the relation (1) holds [ 5, 6]:

dm, m; 1+ 91m1/m2
S (1)
dm: mz2 p: +m1/mz

where m; and m2 denote concentrations of the two monomers and p,
and pz are copolymerization parameters. They are rate constant
ratios of two different elementary chain propagation steps:

P = ku,/kzz
and
pz= kez/kz2, (2)

As pointed out in an earlier paper [ 1], Eq. (1) can be transformed
into linear relations by various methods. By defining the variables:

(m,/m2)?
F= ——
dml/dmz
and
(dm,/dmz - 1)m,/m2
G=s (3)

dm,/dm,

for example, the widely known Fineman-Ross [ 7] equations may be
expressed as:

G=p:F - p2 4)
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G/F =p1 - (p2/F) (5)
The linear form Eq. (6), found to be optimal by us
7 =[p1 +(p2/0)]E - (p2/a) (6)

has the variables in terms of Eq. (3) as follows:

1=G/(a +F)
and
£ =F/(a+F) (M

By our experience, the best value for the auxiliary parameter « is:

(8)

a=vyF _ F
min" max

Naturally, the linear relationships derived from Eq. (1) are appli-
cable only provided several (at least 5-8) corresponding value pairs
(my/mz; dm,/dm3z) are known for the system examined. The molar
ratio mi/m: characterizing the monomer phase can be calculated, at
least at the beginning (xo) and termination (x) of a given copolymeri-
zation experiment, from measureable parameters or direct measure-
ment data, The value of the differential amount dm,/dm. (instantane-
ous monomer ratio in the copolymer formed), can, however, not be
measured and/or calculated from direct measurement resuits.

The average composition of the copolymer up to the conversion ¢,
expressed in terms of mole ratios is

y = Am,/Am;
= (m," - m;)/(m3a° - m2) (9)

where the superscript zero stands for the initial value of monomer
concentration,
1t follows from the above that the molar conversion ¢ is

(Am; + Amz)/(m,° + m;°)
1-[(m: +mz2)/(m,° + m2°)] (10)

e
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TABLE 1. Variables of Equation (1) with Different Methods of
Evaluation

Method m,/m: dm,/dm: Note

1 Xo Yo Application of the exact differential
method (experimentally imprac-
ticable)

2 Xo y Usual erroneous application of the

differential method
3 X y A more cumbersome variation of
Method 2 (not applied in practice)

4 Xo ZXo Approximations by Walling and
Briggs [ 8] as well as Yezrielev,
Brokhina, and Roskin [ 9]

5 b4 ZX A more cumbersome variation of
Method 4 (not applied in practice)

6 y/z y Approximation proposed by us

Method 1
Correctness of the relationship (11):

lim y = yo =(dm1/dmz)o (11)
-0

is evident.

It follows then that, in principle, the procedure by which the yo
value is determined by polymerization of monomer mixtures of
identical composition to various conversions and extrapolation of the
y values obtained, is correct. In this case (Method 1, see Table 1),
the yo value obtained and the initial mole ratio x, of the monomer
mixture are true corresponding values, and they can be correctly
used for the determination of ;1 and p2> in Eq. (1). In practice, how-
ever, this method can hardly be applied, due to the uncertainty of
nonlinear extrapolation and especially to the enormous increase of
experimental work involved.

Method 2
It is a generally applied method, however, to approximate the
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instantaneous composition of the copolymer at the time t = 0 by the
average copolymer composition:

(dm./dmz)o = y (12)

and to substitute the (x5; y) value pairs into Eq. (1). This procedure
(Method 2, see Table 1) can be used with adequate accuracy only at
"sufficiently”" low conversion data, With this approach, from Eq, (3)
we have

F=xd¢/y
and
G=(y-)x/y (13)

by substitution of which we may obtain the usual forms of the Fineman-
Ross equation [ Eq. (4) and/or (5)}. According to Eq. (7) the values of
the variables 7 and £ by this method are

n=(y - 1)%/(ay +xo*)
and

£=x2/(ay +xd°) (14)

In applying the approximation of Eq. (12), we commit a systematic
error, which can be lowered only by keeping the conversion levels as
low as possible. Since, however, the minimum conversion is limited
by the experimental method used, it is important to know the extent
of the error made and its dependence on the parameters.

The relative error of approximation § in percent may be defined
as:

o =1n-nE)/[pr+ (p2/a)] x 100 (15)

where (£ ) denotes the 7 value derived from Eq. (6) by substitution of
£ by Eq. (14). Its value depends on the conversion, but also on the
values of py, Pz, and X, This is well illustrated in Fig., 1, where

the calculated values of error & are plotted against p, at given con-
versions (p2 and x, are constant, a = 1),
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1€
4o

d'o

FIG. 1, 8 error (%) of the 1 variable in linear Eq. (6) for the
conventional erroneous application of the differential copolymerization
equation (m;/mz = X0, dm,/dm: =y), as a function of p;. The curves
correspond to given conversion values (Method 2 at fixed pz = 0.1 and
X = 1.667 values.)

The error of approximation is zero at any conversion level in
case p; = 1- (1~ pz)/% (azeotropic copolymerization).

Another presentation of this error is given in Fig. 2. where, up to
conversions depicted on the bordering curves, the ranges with 5§ <0.5%
have been plotted in the plane (p,; pz).

It is evident from the above that no maximum conversion value can
be given as a criterion of the applicability of approximation by Eq. (12)
(Method 2) and that already at so-called "low" conversions (usually
5-10%), the probability of systematic errors well exceeding the ac-
curacy of measurements is rather high.

Method 3

It is also evident that no significant decrease in error can be ob-
tained by Method 3, which is analogous to approximation by Eq. (12)
(see Table 1), where for the previously used value pair x,, y, the
value pair assigned to identical conversions, x, y is substituted in
Eq. (1). Thus, the fundamental condition of the applicability of the
linear parameter determination procedure is to find an approximation
considerably better than those above.
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FIG. 2. Copolymerization parameters (p;; p2) at given conversion
levels resulting in § = 0.5% relative error, by application of Method 2
{xo = 1.667).

Method 4: The Approximation of Walling and Briggs

Differential equation (1) may also be written as:
dm,/dm2 = z*(m,/mz) (16)

As pointed out by Walling and Brlggs [8], if z* is constant, with the
initial conditions t = 0, m; =m,% and m2 = mz°, we obtain the follow-
ing simple solution:

log (m;/m;°) = z* log (mz2/m2°) (17)

The assumption of z* = constant and Eq. (17) derived therefrom is
strictly valid for any conversion only if p,p2 = 1. However, a conver-
sion-dependent z value definable by (17) and calculable from measured
data can be introduced:
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log (my/m:°) log (1 - &)

Z = (18)

log (ma/mzo) log (1 - Cz)
where {. and {. are partial conversions of the individual monomers

Cz2 =W (p+x0)/(L+y)

and

§, = (y/x0)z2 (19)

In these relations, w denotes weight conversion; 1 = p./u, is the re-
lationship between the molecular weights of the two monomers, If

the conversion is given on the molar basis (), the above relations
substituting w = §{ and u = 1 have to be applied.

By the use of the conversion-dependent z value, based on Eq. (16),
an approximate dm, /dm2 value can be given for any x value. Thus,
e.g., by use of the mole ratio x. characterizing the initial composition
of the monomer charge,

dm;/dm: = zx, (20)

Applicability of this approximation (Method 4, see Table 1) is re-
ferred to by Walling and Briggs [ 8] and Yezrielev et al. [ 9]. With
the approximation of Eq. (20) based on Eq. (3), the F and G variables
are

F = xo/z
and
G = (zxo - 1)/2 (21)

and the variables of the linear equation, Eq. (6) are

N = (zxo - 1)/(az + xo)
and
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)
10t

FIG. 3. Relative error & (%) as a function of p; by application
of Method 4 (m;/ma = Xo, dm,/dm; = zxo; p2 = 0.1 and x, = 1.667,
constants).

£ = xo/(az + xo) (22)

The error of approximation (20) has been examined in a similar
manner as above, Figure 3 depicts the error 6, calculated according
to Eq. (15) but with application of the expressions (22), against p,.
The xo and p2 values are the same as in Fig, 1.

It is apparent that at certain values of p; the error is actually
smaller than obtained by Method 2 illustrated in Fig. 1. With the
use of Method 4, in addition to the p: value corresponding to an
azeotropic copolymerization, there is a further p, = 1/p; value
where 0 = 0 at any conversion level (which corresponds to the case
when z = z*, i, e,, the value is constant irrespective of the conversion);
in some ranges, however, the error considerably exceeds the error of
the approximation given by Eq. (12). This fact is also supported by
comparison of Figs. 2 and 4,

It may be stated that although approximation (20) (Method 4)
extends the applicability of linear methods compared to approxima-
tion (12) (Method 2), it cannot be considered a generally applicable
procedure, as in certain instances it may cause considerable sys-
tematic errors at low conversion levels already.
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FIG. 4. (p:; p2) values corresponding to 6 = 0.5% relative error
{Method 4; x, = 1.667),

Method 5
An analogous procedure is the approximation in which the approxi-
mate value

dm,/dm. = zx (23)

and the x value corresponding to conversion { is employed to calcu-
late the variables. It is easy to demonstrate that the error of
parameter estimation cannot be reduced considerably by this method
either,

Method 6: Proposed Approximation

In cloger investigation of the problem we found that the use of the z
value defined by Eq. (18) affords an approximation significantly better
than those obtained by previous procedures. In the course of the
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copolymerization the real value z* given by Eq. (16) continuously
changes, showing greatest deviation from the ""average" z value by

Eq. (18) at the terminal points of the xo-x range. With a well selected
average X value, this approximation must yield results by all means
better than obtained with Method 4 by Eq. (20) or with the analogous
Method 5 by Eq. (23). The approximate dm,/dm; value belonging

to it also corresponds to an average value of the composition of the
copolymer formed and can be identical to the experimentally measured
y value (an average value by definition). Thus,

y=® zX (24)

i. e,, the average X value may be defined by the y and z values reflect-
ing actual conversion:

X=y/z (25)

Thus, by the approximation suggested by us (Method 6, Table 1), the
values of F and G by (3) are:

F = y/2°
and
G=(y-1)/z (26)

and the 7 and £ variables are
n =2y - 1)/(az® +y)
and
£=y/(az® +y) (27)

Table I offers a comprehensive review of relationships between
the different approximations.
Figure 5 clearly shows the relationships between the above systems,
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dm,

dmz E ,_/

FIG. 5. Pairs of values (points 2-6, numbered corresponding to
Table 1) satisfying approximately the differential form of the copolym-
erization equation (A), Point 1 corresponds to (xo; yo) exactly satis-
fying the equation. Straight line F corresponds to the relation
dm,/dm; = zm,/m: and B to dm,/dmz = m:/m..

of which, the superiority of the proposed Method 6 described by
Egs. (24)-(27) over the other treatments is immediately evident (see
also Fig. 16),

The trend of the error 5§ versus p, at different constant p- values
[ calculated analogously to Eq. (15), but with the use of # and £ by
Eq. (27)], is presented in Figs. 6-10., Within this series, the value
of x, is identical and in agreement with that indicated in the case of
Fig. 3, while the p. value corresponds to those only given in Fig, 7.
Therefore, only Fig, 7 can serve for direct comparison of the errors
of Methods 2 and/or 4 with those given under identical conditions in
Figs. 1 and/or 3,

Figure 11, plotting in the plane (p:; p= ) the ranges where the error
6 does not exceed 0,5% up to conversions depicted on the bordering
curves, can be compared with analogous Figs. 2 and/or 4, which have
identical xo values, The X, values of Figs. 12-15 were so chosen that



09:18 25 January 2011

Downl oaded At:

1526 TUDAIS ET AL.

dw)

———————

a1 af 1 109100
1

FIG. 6. Relative error & (%) of approximation proposed by us
(m,/mz2 =y/z, dm,/dm. =y)as a function of p, at given conversion
values (Method 6, at fixed pz = 0.01 and x, = 1.667 values).

FIG. 7. Relative error 8 (%) of approximation proposed by us
(mi/mz =y/2z, dm,/dmz =y) as a function of p, at given conversion
values (Method 6, at fixed p2 = 0.1 and xo = 1.667 values).
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FIG. 8. Relative error 6 (%) of approximation proposed by us
(mi/mz =y/2, dm,/dm, =y) as a function of p, at given conversion
values (Method 6, at fixed p> = 1 and X0 = 1.667 values).
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FIG. 9. Relative error 6 (%) of approximation proposed by us
(m,/mz =y/z, dm:/dm. = y) as a function of p; at given conversion
values (Method 6, at fixed p= = 10 and x, = 1.667 values).
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FIG, 10. Relative error 8 (%) of approximation proposed by us
(my/mz =y/z, dm,/dmz = y) as a function of p; at given conversion
values (Method 8, at fixed p2 = 100 and x, = 1.667 values).
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FIG, 11. (p,; p2) values resulting in & = 0,5% relative error by
application of our approximation at 0,4-0.6 conversions (Method 6,
xo = 1.667).
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FIG, 12. (p.; pz) values resulting in 6 = 0.5% relative error by
application of our approximation at conversion values 0.4-0.6
(Method 6, xo = 1).

the initial monomer composition should change linearly in terms of
mole fraction Xo = mi,o/({my0 + M2,0) = xo/(1 + %0). The figures re-
flected on the diagonal p, = p2 give the figure corresponding to the
initial mole fraction 1 - x, (see also Figs, 11 and 13),

By presentation of these figures, it has been our aim to allow, in
case this method is applied, an estimation of the error of approxi-
mation for arbitrary xo, {, p1, and p2 values. This is necessitated
by the fact that the error, being a function of the above parameters,
could be calculated only by complex computer techniques.

Based on Figs. 11-15 it may be established that at conversion
levels below 40%, the relative error of approximation will be lower
than 0.5% at any xo value, in case (1) p1pz < 30 (which may be justly
assumed for any real copolymerization system) and if (2) (p, +p2)
> 1. The latter condition may appear to be a rigorous limitation; in
practice, however, at extreme monomer composition levels where
the error might exceed 0.5% in case (p, +pz) < 1, 40% conversion
could not be easily attained anyhow., The approximation suggested
by us (Method 6) is applicable for all real copolymerization systems
up to high conversion levels: systematic error of the approximation
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FIG. 13. (p:; p2) values resulting in 6 = 0.5% relative error by
application of our approximation at conversion values 0.4-0.6
(Method 6, %o = 0.6).
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FIG, 14. (p1;p2) values resulting in 8 = 0.5% relative error by
application of our approximation at conversion values 0,4-0,6
(Method 6, %, = 0.333).
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FIG. 15, (p:; pz ) values resulting in & = 0.5% relative error by
application of our approximation at conversion values 0,4-0.6
(Method 6, x, = 0.1429),

is negligible compared to the probable error of primary measurement
data; thus, the reliability of the estimation of parameters p, and p.
depends entirely on the latter.

It is instructive to examine the relationships of the various approxi-
mations on the Fig., 16. The points assigned to the approximations
correspond to the numbering of the methods (see Table 1). The
"faultless" point corresponding to xo, yo (designated 1) falls on the
straight line A given in Eq. (6). Point 2 (corresponding to xo, y) as
well as point 4 (derived from Xo, zXo) fall on the straight line C
corresponding to identical xo values; naturally, the line also crosses
point 1, Analogously, by the use of X, y and x, zx we obtain points 3
and 5, respectively (the straight line C' indicates points correspond-
ing to identical x values).

Points 2, 3 and 4, 5 correspond to identical y and z values, respec-
tively. The intercept of the ellipse (E) crossing the former and the
straight line (F) defined by latter points, yields point 6, correspond-
ing to the proposed approximation, calculated from the value pair v/z,
y. (It should be noted that Fig, 16 is only a £ - 7 transformation of
Fig. 5.)
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FIG. 16. Approximations of the copolymerization equation
(differential form) in the 7-¢ coordinate system. Symbols as in

Fig. 5.
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FIG. 17, Deviation of the (n; £) point from the line A correspond-
ing to the linearized differential equation, as a function of conversion:
(C) Method 2; (D) proposed Method 6, x, = 0,1429, p, = 3, p2 = 10.
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Figures 17 and 18 show how the point corresponding to the sug-
gested Method 6 is shifted in the £ - n system of coordinates with the
increase of conversion { (curves D). For reasons of comparison,
the section of straight line C, describing the course of the point ob-
tained by use of the generally applied differential equation has been
presented (Method 2). (The common starting point of the two different
courses is the intercept of A and C corresponding to £ = 0 conversion.)
The terminal of curve D can be in different positions, corresponding
to the different limiting values of z at complete conversion (§ =1,
z=2). Incasep, > landp, > 1, this limiting value is z, = 1,
and the terminal of curve D coincides with the end point of section C
{Fig. 17), the coordinates of which are £ = xo/(a¢ + %) and 7 =
(xo - 1)/(a + x0). This point falls on the straight line B correspond-
ing to parameters p, =1 and p: =1,

In the case of p, < landpz > lor (p, andpz) < 1 and if in the
latter case xo < (1 - p2)/(1 - p,), then the limiting value z, = 1/p2
and the coordinates of the terminals of curve D are ¢ = pz2 xof(a + pzaxo)
and 7 = pz (X0 - 1)/(a +p2%x0). A similar case is illustrated in Fig. 18,
In other instances, the terminal is obtained corresponding to the limit-
ing value z, =p;.

04@ Jabeé

v

FIG. 18. (m; ¢) values plotted as a function of conversion:
(C) Method 2; (D) proposed Method 6, x, = 0.1429, p, = 0.1, p> = 3.
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Q6
'l a=Q89 /g/
g3

O a5 &
-Qs //

Qb6

FIG. 19. Experimental data of the system styrene/methyl
methacrylate/benzoyl peroxide/60°C [ 5], plotted as £-7 diagram
(in terms of Method 6). Copolymerization parameters: p, = 0.559;
Pz = 0.473

Although the shapes of the curves D are, depending on the p,, p2,
and x, values, rather variable, their characteristic feature is that up
to high conversion levels, they practically coincide with straight line
A, which corresponds to real p, and p» values; this section may be
considered the range of applicability of the approximation.

In order to illustrate the practical application of the method pro-
posed, we present in our evaluation the experimental data of Mayo
and Lewis [ 5] for a styrene/methyl methacrylate/benzoyl peroxide
(0.1 mole %)/60° C system. The data serving as a basis of calculation,
the calculated z values, and obtained ¢, 7 data (@ = 0.89) are collected
in Table 2,

Graphical evaluation of the data is presented in Fig. 19. The results
obtained are p, = 0.559; pz = 0.473; the values determined by the origi-
nal authors on the basis of the integrated composition equation by
the method of intersections are p, = 0.44-0,65; p2 = 0.41-0.64. (Data
obtained by the method of intersections are depicted in Table 4).

Application of the Integral Equation

It is feasible to compare the method of approximation proposed
by us and the procedures of parameter determination by the integral
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equation of copolymerization, The integral equation is nothing else
but the exact solution of differential equation (1), not containing the
differential amount dm,/dm: and giving relationships between directly
measurable data.

Unfortunately, the solution of the differential equation, Eq. (1) [5] is
in implicit expression with respect to parameters and measurable
amounts,

m2 P2 X
log — = log —
m2’ 1-p; Xo
1-p,.02 (pr - x-(pa - 1)
- log (28)
(1-p.X1 - pa) (P1 - 1)x0 - (p2 - 1)

which is difficult to handle and can be applied for the determination
of parameters only by use of nonlinear estimation procedures,

A graphical parameter estimation method is possible if Eq. (28)
is written as a system of parametric equations [ 5, 10]:

p 1 - pxo
p2 = (29)
1 m‘o +1 1- px
%% T, %8 T pxo
1
P1=1-§ (t-pz) (30)

In this case, for each experimental datum of a chosen set of copolym-
erization measurements with different p values the related p, and p2
values can be calculated and, e. g., relation p; = f(p2 ) can be plotted.
The values of copolymerization parameters of the system studied

can be estimated based on the intercepts of p, = f(pz) curves corre-
sponding to the individual experiments.

The procedure, which requires cumbersome computation, is some-
what simplified by the fact that in the range p. > 0, pz > 0, the
curves are, in good approximation, linear; therefore it is sufficient
to calculate two points for each experimental result, suitably at two
negative p values,
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The graphical method can be replaced by a numerical procedure
if the parameters of the linear equations (31), approximating the
function p2 = f(p.), are calculated by the expressions (32):

pz =Ap, - B (31)
Pz1 - Pa2

As—m—
P1r =~ P12

and

P12Pz1 - PuPaz

Bs——r—— (32)

P11 - Piz

where p;, and pz, are values calculated by one p value and p,> and
p22 by the other, according to Eqs. (29) and (30),

Experimental data of the copolymerization system styrene/methyl
methacrylate, p; and p: values calculated therefrom with param-
eters p = -0,5 and p = -2 by Eqgs. (29) and (30) as well as coefficients
A and B by Eq. {32) are indicated in Table 3. The last two columns
(¢ andn) of Table 3 will be referred to later.

The six linear equations corresponding to the number of experi-
mental data afford fifteen "intersects' as presented in Table 4.

As pointed out by Yezrielev et al, [ 9], with knowledge of A and B,
the method of intersections can be replaced by the procedure of
linearization for the determination of p, and p,. The method de-
veloped by us [ 1, 3] can be favorably applied also in this instance.
1t is obvious from the equivalence of Eqs. (31) and (4), that A = F and
B = G; in this way the data can be transformed according to Egs. (7)
and (8) and plotted as 77 = f(£). The last two columns of Table 3
indicate £ and 7 values (o = 0.89) calculated as above, The param-
eters obtained by graphical evaluation of these data (p, = 0.560,
p2 = 0.475) are in perfect agreement with the results obtained by the
method of approximation (Method 6) proposed by us.

It may be established that calculation of A and B and determina-
tion of the p values by the above described method is a considerably
more laborious treatment than the application of appreximation 6,
which yields essentially equivalent results. The fact that the pro-
cedure is based on the exact integral equation [ Eq. (28)] is not very
favorable either, since Eq. (31) derived therefrom and applied in
the evaluation is only approximately valid! Owing to this, the choice
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TABLE 4, Copolymerization Constants Given by the Intersections of
Linear Equations Determined by A and B Values of Table 3 (Method
of Intersection)

1 2 3 4 5
2 P 0.6432
bz 0.6401
3 P 0.6127 0.4425
P2 0.4648 0,4423
4 P -0.5101 0.5342 0.5214
P2 -6.0006 0.5327 0.4527
5 P, 0,6187 ~1.1044 0.5757 0.5134
P2 0.4994 ~1,0823 0.4599 0.4027
6 P 0.6164 0.4678 4.6402 0.5249 0.6023
Pz 0,4861 0.4672 0.9978 0.4745 0,4843

of the value of the p auxiliary parameters slightly affects the results of
the procedure.

As pointed out above, completely correct application of the integral
equation is possible only by a nonlinear method. As is well known,
nonlinear parameter estimation can be reasonably performed only by
means of a computer and, as mentioned earlier, without a compre-
hensive view, formal application of the nonlinear method may lead to
severe conceptual errors. In addition, parameter determination
from Eq. (28) may involve other problems as well.

The nonlinear method requires, namely, explicit expression of some
measured result (or amount derived therefrom) to construct a mini-
mizable function of error. Such explicit expression can only be given
for molar conversion with Eq. (33) obtained by integration of the
Skeist equation [ 11, 12]. This expression may be derived also by
transformation of Eq. (28):

S S S.
X 1 1-x 2 Xo - Sa 3
£=1-{— (33)

Xo 1-X% X - S¢
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where X, and x is the mole fraction of monomer 1 in the monomer

mixture at conversion 0 and £ conversion, respectively, S, = p2/(1 - p2),

Sz = 91‘/(1 - p1), 8 =(1-p1p2)/[(1-p1)1-p2)],and 8, =
(1-p2)/(2-p,-pa)

Fitting to § conversion,is, however, not very favorable in itself;
the main difficulty arises, nevertheless, from the fact that at certain
p: and pp values, Eq. (33) is not defined. Such values are, e. g.,

p. =1and p: =1, Inthe immediate vicinity of these values, applica-
tion of Eq. (33) is limited by the numerical accuracy of the computers.
Similarly, Eq. (33) is not defined if in some experiment x, < Sy < X
or X, > S, > Xx. Due to above limitations, application of the gradient
and the simplex method involves considerable difficulties,

On the grounds of the above, the treatment suggested by us (Method
6) seems, in spite of its approximative character, t6 be the most
general and reliable method for the determination of copolymerization
parameters,
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